This paper presents the kinematics of a planar multibody vehicle which is aimed at the exploration, data collection, non-destructive testing and general autonomous navigation and operations in confined environments such as pipelines. The robot is made of several identical modules hinged by passive revolute joints. Every module is actuated with four active revolute joints and can be regarded as a parallel 
Introduction
Snake-like mobile robots distinguish themselves from their conventional wheeled counterparts by their great agility and high redundancy, which enable them to operate in environments that might be too challenging for the latter. For instance, they are more convenient to be deployed inside pipelines, 30 in narrow spaces, and on the rubble of an earthquake or a major fire, to name a few. Snake-like robots proposed in the literature are typically locomoted either with passive caster wheels supporting their frames 34, 42, 44 or with no wheels at all. 7, 26, 40, 41 In 38 a miniature snake-like robot is proposed for pipe inspection. It has the capacity of moving inside pipes with various diame-ters. It is part of a new family of biologically inspired robots 1, 11, 27, 32, 33, 39, 45, 46 as it mimics the snake's serpentine motion to propel itself inside the pipe.
Robots developed for pipe inspection are Small Pipe Inspector (SPI) 20 and
Explorer. 36 To navigate inside complex pipe structures, Sigurd et al. 14 conceived PIKo, a snake like robot propelled by active wheels on each module.
Vertical propulsion is performed with serpentine motion. An earthworm-like mobile robot is designed in 33 to navigate inside pipes using rubber bellows and friction rings to ensure friction forces with the pipe walls. A sinister exploration and pipeline inspection robot, called Kaerot-3, was developed in. 37 It is a train-like robot tailored for ferromagnetic small-diameter pipes.
In 18 a 16-degree-of-freedom multibody mobile robot, Koryu (KR), was designed to carry out inspection tasks in a nuclear reactor. It was composed of six articulated body segments tailored for good terrain adaptability and high mobility through crawler-track wheels. Another nuclear plant inspection and maintenance robot was presented in 13 but it resembled in many aspects to Koryu. Several other articulated mobile robots were developed for many other applications, like underground mine tunnels 2, 12 and search and rescue. 21, 23 Due to the typical high redundancy of snake-like robots, various methods have been proposed to solve for their inverse kinematics. 43 Depending on how the modules are linked together, n-trailer systems may be grouped into two major categories: (i) the standard n-trailer, for which the driven modules are directly attached to the wheel axles of the driver ones (the precedent modules), and (ii) the general n-trailer variant where at least one module is not attached directly to the wheel axle of its driver. The kinematics of wheeled snake robots are usually constrained by the nonholonomic property imposed by the caster wheel(s). Such a property is often used along with differential geometry to compute the net change in the robot's pose in response to the changes in the generalized joints. 10, 22, 34 This paper is mainly concerned with wheeled snake-like robots. It studies the kinematics of a planar version of a fully-fledged robot for autonomous confined environment exploration, such as pipeline inspection. This is a part of a long-term project aiming at prototyping a commercial model of the robot.
Once this part is complete, it will be extended at a later stage to cover the kinematics of the final spatial robot. Figure 1 shows the kinematic scheme of the proposed robot, that is inspired by Explorer 36 (see figure 2 borrowed from the Carnegie Mellon web page dedicated to the robot). Modules are hinged with passive revolute joints while each module is equipped with four revolute actuators: two on the shoulder and two at the base in contact with the pipe perimeter. Such a design excels in eliminating the nonholonomic kinematic constraint which restricts the mobility of the majority of wheeled mobile robots. To the best of our knowledge, this particular parallel structure of the modules attached together to form an articulated in-pipe inspection robot has not been exploited before. This paper aims at thoroughly studying the proposed kinematic structure of this robot, and at demonstrating path following control to simulate autonomous operation of the device for exploration and inspection. This is an essential step in the direction of the development of a fully autonomous robot. 
Description of The Mechanism
The robot modelled here is comprised of identical modules connected by passive revolute joints. Each module is a parallel mechanism on a mobile platform 29 as represented in figure 3 . The structure supporting the main body (h high × W wide) is locomoted by two arms of length l, in contact with the pipeline surface using two active wheels of radius ρ. Each arm is attached to the body with an active revolute joint located at points S r and S l respectively, which are (λ − 0.5)h above the center of mass G, where λ is a non-dimensional parameter. To ensure proper locomotion, the wheels must be in contact with the pipeline surface at points C r and C l (see figure 4 ).
In the planar description adopted here, the pipeline surface is geometrically described by two curves that describe the walls. In practice, these curves can be obtained with the help of proximity sensors.
The module's mechanism is composed of 5 bodies: the main body, two arms and two wheels connected by four revolute joints (two at the shoulders and two at the base). Each of these bodies has 3 degrees of freedom giving a total of 15 degrees of freedom. Each revolute joint corresponds to 2 kinematic constraints and therefore a total of 8 constraints due to the joints.
Additionally, the two wheels in contact with the walls are described by a 
Geometric Model
The geometric model establishes the relation between the joints and the end- Consider the Cartesian coordinate systems Based on the contact kinematic constraint described above, the coordinates of the right wheel center can be expressed as a function of the arc length
where we have extended the notation to the left wheel through the subscript l. Therefore, the positions of the wheel centers B r and B l are determined by the arc length parameters τ r and τ l , respectively, through equations (1), and the joints coordinates vector is given by
Let R(·) denote a 2-D rotation matrix defined by
As graphically illustrated in figures 3 and 4, the vector
be equivalently expressed in the global reference frame by following paths through the right and through the left sides of the mechanism:
We characterize different vectors in their local frames as
The rearrangement of equations having the same left hand side gives the closure equations of the mechanism
Solving the system (3) for x provides the forward geometric model of the mechanism, while solving for q gives the inverse geometric model.
Differential Kinematics
The differential kinematics is the relation between the joints and end-effector's velocities in the tangent space through appropriate Jacobians. Time differ-
where d r i , e r i , d l i and e l i , (i = 1, 2) are configuration dependent parameters given by
In the tangent space we describe the contact of the wheels on the walls through rolling without slipping constraints. Thus,
where 
Equations (9) establish a relation between the arc length rates,τ r andτ l , and the wheels angular velocitiesθ r andθ l . Therefore, we can introduce the joint velocity vectorq = α r ,α l ,θ r ,θ l that conveniently include the angular velocities. By collecting (6) and (9) we can write the velocity kinematics in matrix form as
where J x ∈ R 4×3 and J q ∈ R 4×4 are, respectively, the parallel and the serial Jacobians of the mechanism
If J x is full rank the two can be combined to one Jacobian J to obtaiṅ
where
Singular Positions
Singularities occur when one or both Jacobians, J x and J q , become singular. 17 A parallel singularity occurs when the parallel Jacobian J x takes a singular value. This means that the robot is at a configuration where tangent motions of the end-effector are admissible while the joints are locked. A serial singularity occurs when the serial Jacobian J q is singular, corresponding to configurations where the robot loses one or more degrees of freedom.
29
For the robot studied here, a serial singularity occurs when det J q = 0. This
These conditions correspond to configurations where one or both arms of the robot are normal to the corresponding pipe wall. 
Dimensional Synthesis : Optimal Design of The Arms
We have established that in order to avoid serial singularities the span of the module must be larger than the pipe diameter. Since parallel singularities are not admitted given the constraints on the joints span, for the rest of this section we will use the term singularity as a synonymous of serial singularity.
Here we illustrate a procedure to find the optimal arm's length l with the objective of maximizing the singularity-free workspace, for a scenario that involves crossing a 135
• elbow. This typically constitutes a difficult task from an operational point of view (see figure 8) . The optimization must take into account collision avoidance of the module's main body and of the arms with the pipe walls. The optimal length is the one maximizing the dexterity index.
Numerical simulations were carried out with a unity length µ = 1 cm. Figure 9 shows the dexterity index against the orientation angle θ for different arm lengths. It can be seen that the optimal dexterity is attained for an arm length l = 24 cm. The figure also shows that the dexterity index in the vicinity of the orientation of the tangent to the path is always close the maximum dexterity value. The plots are not symmetric due to the collision avoidance constraints which shrink the workspace asymmetrically along the elbow. Figure 10 shows the average dexterity over the orientation angle span versus the arm length. Once again, the optimal dexterity is reached when l = 24 cm, which is consistent with the previous result.
The reciprocal of the condition number of the serial Jacobian provides a proximity measure to the robot's singular configurations. Let 0 < Φ < 1 denote this proximity measure, i.e., 
Forward Motion Control: A Show Case
To illustrate the practicality of the robot's kinematics we hereby provide a simulation example on a simple control scheme driving a single module inside a pipeline. Note that the purpose of this study is not to devise the best controller for the module, but rather to have some understanding of how adequate the proposed module structure and the afore-derived kinematic model can be for navigating inside a confined environment. The control objective in this example is to make the module's center of mass G slide along the central axis of the pipe while keeping its orientation tangent to it. In practice, the position of the pipe center point can be computed by measuring the distance and curvature of each side of the pipe through an array of proximity sensors mounted on both sides of the mechanism.
The pose of the module is expressed with respect to a mobile Frenet frame,
is the orthogonal projection of G on the path, as shown in figure 13 , and τ is the arc length parameter on the path. The axes T P and N P are the tangent and the normal to the path at point P , respectively. The module's desired by the curvature of the path. 4 Given the elbow with constant curvature considered in our simulation a proportional controller is sufficient to asymptotically reject the corresponding step disturbance. Therefore the control effort is formulated as
The matrix
V is a non-negative scalar, and
is the curvature of the path at point P (τ ). Taking 
Kinematic Model
In this section we address the kinematics of the full articulated vehicle obtained by connecting the modules studied above. Hitching two modules together by a revolute joint introduces two kinematic constraints. Given that each module has 3 independent scalar states, for a vehicle made of n connected modules with n − 1 revolute joints the number of degrees of freedom is 3n − 2(n − 1) = n + 2. The configuration of the full robot is defined by the operational and the joint coordinate vectors ψ = [x 1 , . . . , x n ] and φ = [q 1 , . . . , q n ], respectively, such that
are respectively the operational and the joint coordinates of module M i , i ∈ {1, . . . , n}. Extending (11) to the articulated robot and adding the proper subscript for each module, we get the following matrix form expressioṅ
The rigid body geometric constraints relating two consecutive modules M i and M i−1 are
where L b and L f are the lengths of segments G i J i+1 and G i J i respectively (see figure 1 ) which are equal in our case. Time deriving the equations above we obtain the velocity constraintṡ
With this setup, the robot's pose velocityψ may be computed from (13) subject to constraints (17) . Note that the joint coordinates φ and/or their velocitiesφ can be readily measured through sensors attached to the four activated joints of each module.
Motion Control of the Articulated Vehicle
We illustrate the behavior of the articulated robot by exciting it with a simple controller as we did earlier for a single module. Here, we control the pose of the leading module (head) and the orientation angles of the trailing modules.
Let ξ = x 1 T , θ 2 , . . . , θ n be the state vector comprised of the independent states. Then the controller is to track
is an extended version of x d in section 2. 6 . Generalizing the P controller discussed earlier to the whole robot, we get a control signal u given by 
Conclusions
We have presented the kinematics of a planar snake-like robot. The robotic system is conceived to be deployed and autonomously operate in pipe-like environment, in order to perform tasks associated to inspection and exploration. The robot is an articulated multibody system comprised of identical The kinematics has been illustrated by motion control simulations of path following in a pipe-like environment. We applied the path following control scheme for autonomous navigation in a pipe with two scenarios of different complexities: a restriction of cross section in a straight pipe and an elbow with different angles. Simulations show that the structure presented in this work is suitable for navigation in pipes with varying radii, and critical manoeuvres that involve crossing elbows are kinematically admissible provided that the geometry of the robot is compatible with the environment. With respect to the n-trailer architecture, the kinematics proposed here is characterized by augmented degrees of freedom that can be crucial for autonomous operation purposes, as it allows to access more states of the articulated mechanism.
